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Abstract In this paper, we investigate the influence
of the nonlocal intraspecific competition by the prey
in a general predator–prey system on the stability and
spatiotemporal dynamics, where the nonlocal kernel
function is characterized by the top-hat function. It has
been shown that when the nonlocal competition radius
is sufficiently small, the nonlocal item has no impact on
the stability of the spatially homogeneous steady state,
but when the nonlocal competition radius is larger than
somecritical value, various types of spatiotemporal pat-
terns occur via the bifurcation. The analytical condi-
tions for the occurrence of Turing bifurcation, Hopf
bifurcation and Turing–Hopf bifurcation are clearly
determined. The spatially inhomogeneous steady states
and inhomogeneous periodic patterns are found for the
nonlocal Rosenzweig–MacArthur and Lotka–Volterra
models with the top-hat kernel function.
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1 Introduction

Perception, usually referring to the ability of seeing,
hearing or being conscious of something in other ways,
is one of the important considerations that determine
animal movement [8,33]. In some scenarios, this abil-
ity to perceive is assumed to be based on merely local
information, which means that the intra-/inter-specific
interactions only occur among/between individuals at
the same spatial point. In a general sense, these are the
so-called local behaviors. Furter and Grinfeld [9] orig-
inally overturned local hypothesis and novelly intro-
duced nonlocal interactions in single-species popula-
tion dynamics, and it has been shown that the nonlocal
effect can lead to the spatial patterns even for the nonlo-
cal kernel function characterized by the simple spatial
average. Thereafter, many scholars are committed to
studying the impact of nonlocal effect on the dynamics
of the population dynamicalmodels. The nonlocal term
in the population models often appears as an integral
form as follows

K ∗ u =
∫

�

K (x − y)u(y, t)dy, (1.1)

where u(y, t) is the population density at space y and
time t , K (x− y) is the some reasonable kernel function
which measures the strength of the effect of a popula-
tion at space y on a population at space x . For the finite
domain �, if K (x − y) is chosen as a constant func-
tion K (x − y) = 1

|�| , where |�| represents the volume

of the domain �, then K ∗ u = 1
|�|

∫
�
u(y, t)dy is
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the average value of u on the whole domain, denoted
by ū = 1

|�|
∫
�
u(y, t)dy, and the model including the

term ū is usually known as the model with the non-
local spatial average [9]. The population model with
the spatial average means that the growth of the pop-
ulation at the space x is related to the average value
of the population on the whole space �. Recently,
there has been an increasing activity and interest in
the study of the dynamics of the population model
with the spatial average. For instance, the existence
and non-existence of positive solutions for the diffu-
sive Lotka–Volterra system including nonlocal terms in
the reaction functions has been investigated in [6]. The
spatiotemporal patterns induced by the spatial average
for the predator–prey model have been investigated in
[7,10,11,15,20,37,39]. The joint effect of the spatial
average and delay on the dynamics of the population
models has been studied for a pollen tube model in
[29] and for a predator–prey model in [31]. The sta-
bility, Turing bifurcation, Hopf bifurcation, Turing–
Hopf bifurcation, double Hopf bifurcation and the cor-
responding normal form theory for the system with
spatial average have been investigated in [5,25,34,35].
Especially, the detailed classification for Turing bifur-
cation andHopf bifurcation induced by the spatial aver-
age in a general two variable reaction–diffusion system
has been investigated in [28].

On the other hand, for an infinite domain or a peri-
odic interval, the following top-hat kernel function
(also known as the piece-wise constant kernel function)
is often used in the literature [17,19,23]

KM (z) =
{ 1

2M , |z| ≤ M,

0, |z| > M,
(1.2)

where M ≥ 0 is often called the nonlocal competition
radius of the prey (or known as the nonlocal perception
radius in [33]), which means that the population can
perceive resources within a fixed distance M from its
current position, but resources beyond this fixed dis-
tance M will not be perceived, namely, the perception
ability vanishes [33].

The influence of the top-hat function on the dynam-
ics of the population models is also widely concerned
by the biomathematicians. For instance, in [23], Bayliss
and Volpert studied the complex predator invasion
waves for the nonlocal Holling–Tanner model with the
top-hat kernel function. In [3], Banerjee and Volpert
investigated the existence of Turing patterns and the
effect of the non-local interaction on the periodic trav-

elling waves and spatio-temporal chaotic patterns in
the nonlocal Rosenzweig–MacArthur model with the
top-hat function. Patterns and various types of travel-
ling waves due to the top-hat kernel function for the
population models have been investigated by Genieys
et al. [12]. Pattern formation in a three-species cyclic
competition model with the top-hat kernel function has
been numerically investigated in [16] and it has been
shown that the introduction of nonlocality in intra-
specific competitions stabilizes the system dynamics
by transforming a dynamic population distribution to
stationary. For more researches on the dynamics of the
populationmodels with the top-hat kernel function, see
[2,4,18] and especially the review paper by Banerjee
et al. [1] and the references therein.

However, most of the researches mentioned above
on the dynamics of the nonlocal diffusive population
models with the top-hat function rely heavily on spe-
cific models and numerical results. Theoretical work
on more general nonlocal diffusive population mod-
els with the top-hat kernel function has not yet been
done. Especially, there is little work on the Hopf bifur-
cation and Turing–Hopf bifurcation due to the nonlo-
cality characterized by the top-hat kernel function.

In this paper, we start from the following general
reaction–diffusion system
{
Nτ (x, τ ) = d1Nxx (x, τ ) + F̃(N (x, τ ), P(x, τ )), x ∈ (−∞,+∞), τ > 0,

Pτ (x, τ ) = d2Pxx (x, τ ) + G̃(N (x, τ ), P(x, τ )), x ∈ (−∞,+∞), τ > 0,

(1.3)

where N (x, τ ) and P(x, τ ) are the densities of the prey
and predator at location x and time τ , respectively, the
reaction terms F̃ and G̃ describe the intra-/inter-species
interaction among/between the individuals of the two
species. Besides, the diffusion terms d1Nxx (x, τ ) and
d2Pxx (x, τ ) represent the effect of random movement
of the individuals within their habitat, d1, d2 are the dif-
fusion coefficients. To reduce the diffusion coefficients,
rescaling the time variable τ by τ = t/d2, and letting
u(x, t) = N (x, t/d2), v(x, t) = P(x, t/d2), system
(1.3) becomes{
ut = duxx + F(u, v), x ∈ (−∞,+∞), t > 0,

vt = vxx + G(u, v), x ∈ (−∞,+∞), t > 0,

(1.4)

where

d = d1
d2

, F(u, v) = F̃(N , P)

d2
, G(u, v) = G̃(N , P)

d2
.
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In what follows, incorporating the nonlocal prey com-
petition into model (1.4), we consider the following
general nonlocal system with the top-hat kernel func-
tion:
{
ut = duxx + F(u, K ∗ u, v), x ∈ (−∞, +∞), t > 0,

vt = vxx + G(u, v), x ∈ (−∞, +∞), t > 0,

(1.5)

where

K ∗ u =
∫ +∞

−∞
KM (x − y)u(y, t)dy, (1.6)

and KM (·) is defined by (1.2). It will be seen in the fol-
lowing that when M → 0+, the nonlocal system (1.5)
reduces to be a local system, which means the nonlocal
competition radius M is the link between the local and
nonlocal system. Themain goal of this paper is to inves-
tigate analytically the influence of the nonlocal compe-
tition radius M on the stability and the possible bifur-
cation phenomena induced by the nonlocal term. And
we also investigate the spatial patterns arising from the
Turing bifurcation and spatially inhomogeneous oscil-
latory patterns arising from the Hopf bifurcation and
Turing–Hopf bifurcation.

The paper is organized as follows. In Sect. 2, we
investigate the stability and instability of the con-
stant steady state and derive the analytical condi-
tions for the existence of the bifurcations induced
by nonlocal competition radius M . In Sect. 3, the
obtained theoretical results are applied to the nonlocal
diffusive Rosenzweig–MacArthur model and Lotka–
Volterra model with top-hat kernel function to investi-
gate the spatiotemporal dynamics. Spatial patterns and
oscillatory patterns are shown via numerical simula-
tions. Main results of this paper are summarized in the
concluding Sect. 4. Throughout this paper,N represents
the set of all positive integers and N0 = N ∪ {0}.

2 Stability and instability of spatially
homogeneous steady state

Firstly, it follows from (1.2) and (2.2) that in the lim-
iting case where M → 0+ (without nonlocal intraspe-
cific perception), we have

lim
M→0+ KM ∗ u = lim

M→0+

∫ +∞

−∞
KM (x − y)u(y, t)dy

ξ=x−y						 lim
M→0+

∫ +∞

−∞
KM (ξ)u(x − ξ, t)dξ

= lim
M→0+

∫ M

−M

1

2M
u(x − ξ, t)dξ

∃ξ∗∈(−M,M)										 lim
ξ∗→0+ u(x − ξ∗, t) = u(x, t),

(2.1)

which means that the nonlocal term reduces to be local
term as M → 0+. The local system corresponding to
the nonlocal perceptual system (1.5) is
{
ut = duxx + F(u, u, v), x ∈ (−∞, +∞), t > 0,

vt = vxx + G(u, v), x ∈ (−∞, +∞), t > 0.

(2.2)

Suppose that there are two positive numbers u∗ and
v∗ satisfying F(u∗, u∗, v∗) = G(u∗, v∗) = 0, which
means E∗ = (u∗, v∗) is the positive constant steady
state of system (2.2).

Throughout this paper, what we call the stability of
E∗ means the stability given by the following defini-
tion.

Definition 2.1 For ∀ε > 0, ∃δ > 0 and T > 0,
when ||(u(x, 0), v(x, 0)) − (u∗, v∗))||2 < δ, we have
||(u(x, t), v(x, t)) − (u∗, v∗))||2 < ε for t > T . Here
|| · ||2 is the usual L2 norm.

Inwhat follows,we always assume that E∗ of system
(2.2) is locally asymptotically stable, i.e., the following
conditions (C0) and (C1) hold

a1 + a4 < 0, a1a4 − a2a3 > 0, (C0)

and

a1 + a4d < 2
√
d(a1a4 − a2a3), (C1)

where

a1 = ∂F(u,u,v)
∂u

∣∣∣
(u∗,u∗,v∗)

, a2 = ∂F(u,u,v)
∂v

∣∣∣
(u∗,u∗,v∗)

,

a3 = ∂G(u,v)
∂u

∣∣∣
(u∗,v∗)

, a4 = ∂G(u,v)
∂v

∣∣∣
(u∗,v∗)

.

(2.3)

The condition (C0) implies that E∗ as the equilib-
rium of the corresponding ordinary differential equa-
tions (ODE) of (2.2) is asymptotically stable and the
condition (C1) implies that there is no diffusion-driven
Turing instability for (2.2). This means that without
nonlocal perception (i.e.,M = 0), E∗ is always asymp-
totically stable. Noticing that K ∗ u∗ = u∗ from (1.6),
E∗ is also the positive equilibrium of system (1.5).
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In the following, we investigate the influence of non-
local competition radius M > 0 on the stability of
the equilibrium E∗ of the system (1.5) and the possi-
ble bifurcation phenomena in which the nonlocal term
plays a decisive role.

The linearized system of (1.5) at E∗ is(
ut
vt

)
= D

(
uxx
vxx

)

+A1

(
u
v

)
+ A2

(
K ∗ u
0

)
, (2.4)

where

D =
(
d 0
0 1

)
, A1 =

(
a11 a2
a3 a4

)
,

A2 =
(
a12 0
0 0

)
, (2.5)

with

a11 = ∂F(u, K ∗ u, v)

∂u

∣∣∣∣
(u∗,u∗,v∗)

,

a12 = ∂F(u, K ∗ u, v)

∂(K ∗ u)

∣∣∣∣
(u∗,u∗,v∗)

. (2.6)

From (2.3) and (2.6), it is easy to see thata1 = a11+a12,
which will be used in the following analysis. From a
biological point of view, in the following analysis, we
also assume the following condition

a2 < 0, a3 > 0, a12 < 0, a4 ≤ 0 (C2)

holds. The assumptions a2 < 0, a3 > 0 imply that u
is the prey and v is the predator and the assumption
a12 < 0 implies that the nonlocal effect arises from
the intraspecific competition. The assumption a4 ≤ 0
often appears inmany predator–prey systems [2,14,36,
38,40].

Then we assume that the solution of (2.4) is in form
of(
u(x, t)
v(x, t)

)
=

(
ak
bk

)
eλt+ikx , (2.7)

where λ ∈ C, k ∈ R. For the nonlocal item K ∗ u, we
have

K ∗ u =
∫ +∞

−∞
K (x − y)ake

λt+ikydy

= ake
λt

∫ +∞

−∞
K (z)eik(x−z)dz

= ake
λt+ikx

∫ +∞

−∞
K (z)e−ikzdz = uH(k, M),

(2.8)

where

H(k, M) =
∫ +∞
−∞

K (z) e−ikzdz = 1

2M

∫ M

−M
e−ikzdz

=
{
sin(kM)
kM , k �= 0,

1, k = 0.

(2.9)

Then, substituting (2.7) into (2.4), we obtain the fol-
lowing characteristic equation

	k(λ)
de f				 λ2 − T (k, M)

λ + J (k, M) = 0, (2.10)

in which

T (k, M) = Tr(A1) + a12H(k, M) − Tr(D)k2,

J (k, M) = dk4 − (a12H(k, M) + a11 + da4) k
2

+ a12a4H(k, M) + Det (A1).

(2.11)

From (2.9) and (2.11), for k = 0, we have
H(0, M) = 1 for any M ≥ 0, then Eq. (2.10) becomes

λ2 − (a1 + a4)λ + (a1a4 − a2a3) = 0, (2.12)

which is the characteristic equation of corresponding
ODE of system (1.5) at E∗. Under the condition (C0),
two roots of Eq. (2.12) have negative real parts.

For M = 0, we have H(k, 0) = 1 for k �= 0 and
k ∈ R, Then Eq. (2.10) becomes

λ2 −
(
a1 + a4 − Tr(D)k2

)
λ + (dk4 − (a1 + da4)

k2 + a1a4 − a2a3) = 0, (2.13)

which is the characteristic equation of system (2.2) at
E∗, which does not include the nonlocal term. Under
the condition (C1), two roots of Eq. (2.13) have nega-
tive real parts.

Obviously, T (k, M) and J (k, M) are even functions
with respect to k. Thus we only need to consider the
case of k > 0. In what follows, we focus on the case
of k > 0 and M > 0 and investigate the distribution
of roots of the characteristic equation (2.10). Notice
that the change of the stability of the steady state E∗
and the bifurcation is related to the characteristic roots
with zero real parts, and different perception radius M
can be chosen to change the value of H(k, M) such
that T (k, M) = 0 or J (k, M) = 0. Therefore, the
perception radiusM can affect the stability of the steady
state E∗ of system (1.5) and the possible bifurcation
phenomena will occur. More specifically, the steady
state E∗ can lose its stability through the following
bifurcations if there exist k∗ �= 0 and M∗ �= 0 such that

T (k, M) < 0 for k, M > 0, J (k, M)
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{= 0, k = k∗, M = M∗,
> 0, k �= k∗, M �= M∗,

(2.14)

which is related to the Turing bifurcation, and

J (k,M) > 0 for k, M > 0, T (k, M){= 0, k = k∗, M = M∗,
< 0, k �= k∗, M �= M∗,

(2.15)

which is related to the spatially inhomogeneous Hopf
bifurcation with spatial mode-k∗.

From (2.11), it is easy to verify that T (k, M) < 0
is equivalent to

− a12H(k, M) > −(d + 1)k2 + a11 + a4, (2.16)

and J (k, M) > 0 is equivalent to
− a12H(k, M) > −d(k2 − a4) + a2a3

k2 − a4
+ a11 − da4.

(2.17)

Let

h(k, d) = − (d + 1)k2

a12
+ a11 + a4

a12
, (2.18)

f (k, d) = −d
(
k2 − a4

)
a12

+ a2a3
a12

(
k2 − a4

) + a11 − da4
a12

, (2.19)

g(k, M) = − sin(kM)

kM
. (2.20)

Noticing g(k, M) = −H(k, M) for k �= 0 and then by
(2.11), (2.18), and (2.19), we have

T (k, M) = a12 (h(k, d) − g(k, M)) ,

= J (k, M) = a12 (g(k, M) − f (k, d)) .

Considering a12 < 0, then, for k > 0, T (k, M) <

0 if and only if g(k, M) < h(k, d) by (2.16) and
J (k, M) > 0 if and only if g(k, M) < f (k, d) by
(2.17). The properties of the function g(k, M) are very
useful in the following analysis.

For (2.20), substituting z = kM , we denote

g1(z)

			 − sin(z)

z . Denoting the countable number of
positive roots of the equation tan(z) = z by z j > 0, we
have the following preliminary properties with regard
to g(k, M), whose proof is simple and similar to Propo-
sition 3.1 in [32]. So, we omit it here.

Proposition 2.2 For fixed M, we have

(i) g(k, M) obtains its local maximum at k = k j

			

z j
M , j = 2(m − 1) + 1, and

g
(
k(2m−1), M

)
> g

(
k(2m+1), M

)
> 0, m ∈ N;

(ii) g(k, M) obtains its local minimum at k = k j

			

z j
M , j = 2m, and

g (k2m, M) < g
(
k2(m+1), M

)
< 0, m ∈ N.

By Proposition 2.2, it is easy to see that the oscillat-
ing function g(k, M) fluctuates up and down along the
k axis and obtain itsmaximum− sin(z1)/z1 at k1 = z1

M .
Obviously, g

( nπ
M , M

) = 0 (n ∈ N) and g(k, M) < 0
for 0 < k < π

M . Notice that

lim
M→0+ k1 = +∞, lim

M→+∞ k1 = 0. (2.21)

Therefore, when M varies from small to large, the
maximum− sin(z1)/z1 of g = g(k, M) keeps the same
and the maximum point moves from right to left along
the straight line g = − sin(z1)/z1, as shown in Fig. 1.

With the choice of these parameters as shown in
Fig. 1, the real part of the eigenvalue of linear operator
will be shown in Fig. 3. For M < Mc

1 , all roots of
Eq. (2.10) have negative real parts as shown in Fig. 3a.
For M = Mc

1 , Eq. (2.10) has a zero root when M =
Mc

1 , k = kc1 as shown in Fig. 3d. For M > Mc
1 , there

exist some k such that Eq. (2.10) has positive real roots
or one pair of complex roots with positive real parts as
shown in Fig. 3g–i.

Furthermore, by calculating the equation tan(z j ) =
z j , j ∈ N, we have z1 = 4.4934 and the maximum of
g(k, M) is − sin(z1)/z1=̇0.2172. For the convenience
of notation, we denote

β = −z1/ sin(z1)=̇4.6033. (2.22)

We firstly investigate the influence of M on the sign
of T (k, M). For fixed d, h(k, d) is a function with
respect to k, which is independent of M . However,
based on the proposition 2.2 and (2.21), g(k, M) is
an oscillating function of M and k, moving from right
to left along k axis when M varies from small to large.
Therefore, it is easy to see that there exists the critical
value MH of M and the critical value KH of k such that

g(kH , MH ) = h(kH , d),

∂g(kH , MH )

∂k
= ∂h(kH , d)

∂k
, (2.23)

with 0 < kHMH < z1, i.e., the curve g = g(k, MH ) is
tangent to the curve h = h(k, d) at k = kH . Then we
have the following results on the sign of T (k, M).

Lemma 2.3 Assume that the conditions (C0), (C1)and
(C2) hold, β and MH are defined by (2.22) and (2.23).
Then we have the following results:
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Fig. 1 The curves
f = f (k, d) and
h = h(k, d) are independent
of M with d = 0.15,
a11 = 0.3, a12 = −0.4,
a2 = −0.6, a3 = 0.3,
a4 = 0, and the oscillating
curves g = (k, M) move
from right to left along the k
axis with increasing of M ,
making the tangency at the
critical values
Mc

1 = 2.8740,
MH = 5.9316,
Mc

2 = 11.7948 of M. In
terms of the equation
tan(z j ) = z j , we have
z1 = 4.4934 and the
maximum of g(k, M) is
− sin(z1)

(z1)
= 0.2172

(I) if a12 ≥ β (a11 + a4), then T (k, M)

< 0 for any k > 0 and M > 0;
(II) if a12 < β (a11 + a4), then we have the following

results:

(i) for 0 < M < MH, T (k, M) < 0 for k > 0;
(ii) for M = MH, T (kH , MH ) = 0 and T (k, MH )

< 0 for k �= kH ;
(iii) for M > MH, then ∃ Ik ⊂ R

+ such that
T (k, M) > 0 for k ∈ Ik and T (k, M) ≤ 0
for k /∈ Ik .

Proof When a12 < 0, it follows from (2.16) that
T (k, M) < 0 if and only if g(k, M) < h(k, d) for
any k > 0. Thus we compare the max

k>0
{g(k, M)} with

min
k>0

{h(k, d)}. By Proposition 2.2, it is easy to see that

max
k>0

{g(k, M)} = max
z>0

{g1(z)} = − sin z1
z1

> 0, (2.24)

in which z1 ∈ (π, 3π/2). From (2.18), for fixed d > 0,
h(k, d) is a parabolic function with respect to k and
since a12 < 0, we have

∂h(k, d)

∂k
= −2(d + 1)k

a12
> 0, (2.25)

which implies that h(k, d) is increasing for k > 0.
Obviously, together with (C0), we have

min
k>0

{h(k, d)} > h(0, d) = a11 + a4
a12

> −1.

When a12 ≥ β (a11 + a4), namely a11 + a4 ≤
− sin z1

z1
a12, it is easy to verify that

min
k>0

{h(k, d)} >
a11 + a4

a12

≥ − sin(z1)

z1
≥ max

k≥0
{g(k, M)}, (2.26)

thus we have h(k, d) > g(k, M), which means
T (k, M) < 0 for any k > 0 and M > 0. The con-
clusion (I ) is confirmed.

When a12 < β (a11 + a4), which is equivalent to
a11 + a4 > − sin z1

z1
a12, we have −1 < min

k>0
{h(k, d)} <

− sin(z1)
z1

. From proposition 2.2, we have the fact that
g(k, M) is an oscillating function of M and k. When
M varies from small to large, g(k, M)moves from right
to left along k axis. Notice that (2.21), when M is suf-
ficiently small, the maximum value of g(k, M) can be
obtained when k is large enough. In addition,

lim
k→+∞ h(k, d) = +∞,

lim
k→+∞ g(k, M) = 0.
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HencewhenM is sufficiently small,wehave g(k, M) <

h(k, d) for any k > 0, i.e., T (k, M) < 0 for any k > 0.
WhenM varies from small to large toMH , the curve

g = g(k, MH ) is tangent to the curve h = h(k, d) at
k = kH and h(k, d) > g(k, MH ) for k �= kH , i.e.,
T (kH , MH ) = 0, and T (k, MH ) < 0 for k �= kH .

With the increasing of M , the curve g = g(k, M)

moves from right to left and cross the curve h =
h(k, d). Thus for M > MH , there exist a small
interval Ik ⊂ R

+ such that for k ∈ Ik , we have
h(k, d) < g(k, M), i.e., T (k, M) > 0 and for k /∈ Ik ,
T (k, M) < 0. The conclusion (I I ) is confirmed. ��
Then we investigate the influence of M on the sign of
J (k, M). Notice that (2.17), we have J (k, M) > 0 if
and only if g(k, M) < f (k, d) for any k > 0. As such,
we compare the max

k>0
{g(k, M)} with min

k>0
{ f (k, d)}. We

firstly give the following results on the relation between
the minimum of the curve f = f (k, d) and the local
extremum g1(zm) of the curve g = g1(z), which can
determine the sign of J (k, M).

Lemma 2.4 Assume that the conditions (C0), (C1)and
(C2) hold. Denoting the solution of min

k>0
f (k, d) =

g1(zm) by d(m), m ∈ N, then

(i) for a4 = 0, we have

d(m) =
(
a11 + sin(zm)

zm
a12

)2
−4a2a3

(2.27)

provided that

a11 + sin(zm)

zm
a12 > 0;

(ii) for a4 < 0, we have

d(m)
− = 1

a24

(√(
a11 + sin(zm )

zm
a12

)
a4 − a2a3 − √−a2a3

)2

(2.28)

provided that

0 < a11 + sin(zm)

zm
a12 <

a2a3
a4

.

Proof From (2.19), for a4 = 0, we have f (k, d) is an
even function with respect to k and

∂ f (k, d)

∂k
= −2dk

a12
− 2a2a3

a12k3
,

which, implies that for fixed d > 0, f (k, d) is increas-
ing for 0 < k < kc and decreasing for k > kc, where

kc = 4
√

−a2a3
d . Note the fact that a1 = a11 + a12 and

a12 < 0. Hence, together with (C0), it is easy to con-
clude that

min
k>0

{ f (k, d)} = f (kc, d)

= a11 − 2
√−a2a3d

a12
>

a11
a12

> −1. (2.29)

Thus by min
k>0

f (k, d) = g1(zm), m ∈ N, we obtain

a11 + sin(zm)

zm
a12 = 2

√−a2a3d,

which means that d(m) exists if and only if a11 +
sin(zm )
zm

a12 > 0. The conclusion (i) is proved.
In addition, for a4 < 0, it is easy to verify that

min
k>0

{ f (k, d)} =
⎧⎨
⎩

a11−da4−2
√−da2a3

a12
, 0 ≤ d < −a2a3

a24
,

a11a4−a2a3
a12a4

, d ≥ −a2a3
a24

,
(2.30)

then the conclusion (i i) follows immediately by solv-
ing min

k>0
f (k, d) = g1(zm) for d. ��

By calculating min
k>0

f (k, d) = 0, for a4 = 0, we

have

d̃ = a211
−4a2a3

, (2.31)

provided that a11 > 0. For a4 < 0, we have

d̃− = 1

a24

(√
a11a4 − a2a3 − √−a2a3

)2
, (2.32)

provided that 0 < a11 < a2a3
a4

, which both are the
critical values of d to determine the sign of minimum
of the curve f = f (k, d) for the cases of a4 = 0 and
a4 < 0, respectively.

According to Lemma 2.4, the minimum value of the
function f (k, d) differs when a4 = 0 and a4 < 0,
which has a direct influence on the sign of J (k, M),
further leading to different conditions for the stability
of the steady state E∗ and the possible bifurcation phe-
nomena. Thus, the following investigations are divided
into two cases: a4 = 0 and a4 < 0.

2.1 Stability and bifurcations for the case of a4 = 0

In this subsection, we mainly investigate the influence
of the nonlocal competition radius M on the stability
of the steady state E∗ and the possible bifurcation phe-
nomena for the case of a4 = 0.
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We make further efforts to investigate the influence
of the diffusion coefficient d and the competition radius
M on the sign of J (k, M). For fixed d, f (k, d) is a
function with respect to k, which is independent of M .
However, on account of proposition 2.2 and (2.21), we
have g(k, M) is an oscillating function of M and k,
moving from right to left along k axis when M varies
from small to large. Thenwe have the following results.

When a12 ≥ βa11, we can obtain that min
k>0

{ f (k, d)}
is always larger than max

k>0
{g(k, M)} no matter what

value M takes, that is, we have the following lemma.

Lemma 2.5 Assume that the conditions (C0), (C1)and
(C2) hold. For a12 ≥ βa11, we have J (k, M) > 0 for
any M > 0 and k > 0.

Proof When a12 ≥ βa11, from (2.29) and (2.24), we
havemin

k>0
{ f (k, d)} > a11

a12
≥ − sin(z1)

z1
≥ max

k>0
{g(k, M)},

i.e., J (k, M) > 0 for any M > 0 and k > 0. ��

When a12 < βa11, notice that the joint action
of d and M determines the sign of J (k, M), so that
min
k>0

{ f (k, d)} is less than max
k>0

{g(k, M)}. For a11 ≤ 0,

it follows from (2.29) that min
k>0

{ f (k, d)} > 0. Then

combined with Lemma 2.4, when M varies from small
to large, there exist the values MTi of M and kTi of k
(i ∈ N) such that

g(kTi , MTi ) = f (kTi , d),

∂

∂k
g(kTi , MTi ) = ∂

∂k
f (kTi , d). (2.33)

Letting

Mc
1 = min

i∈N {MTi }, Mc
2 = max

i∈N {MTi }, (2.34)

we haveMc
1 = MT1 < MT2 < · · · ≤ Mc

2 , whichmeans
for M = Mc

1 and M = Mc
2 , the curve g = g(k, M) is

firstly and lastly tangent to the curve f = f (k, d) at
k = kc1 and k = kc2 respectively. We define

IM = {
M ∈ (

Mc
1 , M

c
2

)
| f (k, d) < g(k, M) for some k > 0 } . (2.35)

Obviously, it follows from (2.33) and (2.34) that there
exists some k > 0 resulting in f (k, d) < g(k, M)

when M is larger than and sufficiently close to Mc
1 or

M is smaller than and close enough to Mc
2 . As such,

the set IM defined by (2.35) is not empty.
Then we obtain the following results:

Lemma 2.6 Assume that the conditions (C0), (C1)and
(C2) hold, d(1), IM , Mc

1 and Mc
2 are defined by (2.27),

(2.35) and (2.34), respectively. For a12 < βa11 ≤ 0,
we obtain the following results:

(I) if d > d(1), J (k, M) > 0 for any M > 0 and
k > 0;

(II) if d = d(1), J (kc,
z1
kc

) = 0 and J (k, M) > 0 for

M �= z1
kc

where kc = 4
√

−a2a3
d ;

(III) if 0 < d < d(1), then there exist two critical values
Mc

1 and Mc
2 of M such that

(i) for M ∈ (0, Mc
1) ∪ (Mc

2 ,+∞), J (k, M) > 0
for k > 0;

(ii) for M = Mc
j , J (kcj , M

c
j ) = 0 and J (k, Mc

j ) >

0 for k �= kcj ( j = 1, 2);
(iii) for M ∈ (Mc

1 , M
c
2), the sign of J (k, M)

depends on the values of M. More specifically,
for M ∈ IM , there exists at least one k > 0 such
that J (k, M) < 0; for M ∈ (Mc

1 , M
c
2) \ IM ,

then J (k, M) > 0 for any k > 0.

Proof When a12 < βa11, i.e., a11 > − sin(z1)
z1

a12, note
that the minimum value of f (k, d) and the maximum
value of g(k, M) are independent ofM . It follows from
(2.27) and (2.29) and (2.24) that for d > d(1), we have

min
k>0

{ f (k, d)} > max
k>0

{g(k, M)},

so f (k, d) > g(k, M) for any k > 0 and M ≥ 0,
i.e., J (k, M) > 0 for any k > 0 and M > 0. The
conclusion (I ) is confirmed.

For d = d(1), we have min
k>0

{ f (k, d)} = f (kc, d(1))

= a11−2
√

−a2a3d(1)

a12
= − sin(z1)

z1
, where kc = 4

√
−a2a3

d .

Thus we have f (kc, d) = g(kc,
z1
kc

), i.e., J (kc,
z1
kc

) = 0
and J (k, M) > 0 for M �= z1

kc
. The conclusion (I I ) is

confirmed.
For 0 < d < d(1), notice that (2.21) and

lim
k→+∞ f (k, d) = +∞, lim

k→+∞ g(k, M) = 0.

Therefor when M is sufficiently small (M < Mc
1), we

have g(k, M) < f (k, d) for any k > 0, i.e., J (k, M) >

0 for any k > 0.
When M varies from small to large to Mc

1 , the
curve g = g(k, Mc

1) is firstly tangent to the curve
f = f (k, d) at k = kc1 and f (k, d) > g(k, Mc

1) for
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k �= kc1, i.e., J (kc1, M
c
1) = 0, and J (k, Mc

1) > 0 for
k �= kc1.

With the increasing of M , the curve g = g(k, M)

moves from right to left and crosses the curve f =
f (k, d). When M increases to M = Mc

2 , the curve g =
g(k, Mc

2) is lastly tangent to the curve f = f (k, d) at
k = kc2 and f (k, d) > g(k, Mc

2) for k �= kc2, i.e.,
J (kc2, M

c
2) = 0, and J (k, Mc

2) > 0 for k �= kc2.
Then for M ∈ (

Mc
1 , M

c
2

)
, the sign of J (k, M)

depends on M . By the definitions of Mc
1 and Mc

2 , we
have proven that IM �= Ø. For M ∈ IM , there exists
at least one k > 0 such that f (k, d) < g(k, M),
i.e., J (k, M) < 0. For M ∈ (Mc

1 , M
c
2) \ IM , then

for any k > 0, we have f (k, d) > g(k, M), namely,
J (k, M) > 0.

However, For M > Mc
2 , we have g(k, M) <

f (k, d) for any k > 0 and both curves can not interact,
which implies J (k, M) > 0. The conclusion (I I I ) is
confirmed. ��
Remark 2.7 When 0 < d < d(1), it is enough com-
plicated to determine the sign of J (k, M) explicitly
for M ∈ (Mc

1 , M
c
2) since it depends on the values of

M and d (which is dependent on the parameters a11,
a12, a2 and a3). What is sure, however, is that when
d(3) < d < d(1), we have IM = (Mc

1 , M
c
2), which

means there exists Ik ⊂ R
+ such that J (k, M) < 0

for k ∈ Ik and J (k, M) > 0 for k /∈ Ik affirmatively
for M ∈ (Mc

1 , M
c
2). We will describe and illustrate

this situation after giving specific values by numerical
simulation in Sect. 3.

When a11 > 0, we have min
k>0

{ f (k, d)} ≤ max
k>0

{g(k,
M)}. For fixed d, it is easy to conclude that when
min
k>0

{ f (k, d)} ≤ 0, there must be an interval of k such

that f (k, d) is smaller than g(k, M) when M is suffi-
ciently large to Mc

3 in which

Mc
3 = min

M>Mc
1

{M |∃ j ∈ N s.t. g(kc, M) > f (kc, d)

and z2 j < kcM < z2( j+1)
}
, (2.36)

where kc = 4
√

−a2a3
d . Similar to the Lemma 2.6, we

have the following results.

Lemma 2.8 Assume that the conditions (C0), (C1)and
(C2) hold, d(1), d̃ , IM , Mc

1 , M
c
2 and Mc

3 are defined by
(2.27), (2.31), (2.35), (2.34) and (2.36), respectively.
For a11 > 0, we have the following results:

(I) if d > d(1), J (k, M) > 0 for any M > 0 and
k > 0;

(II) if d = d(1), J (kc,
z1
kc

) = 0 and J (k, M) > 0 for

M �= z1
kc

where kc = 4
√

−a2a3
d ;

(III) if d̃ < d < d(1), there exist two critical values
Mc

1 and Mc
2 of M such that

(i) for M ∈ (0, Mc
1) ∪ (Mc

2 ,+∞), J (k, M) > 0
for k > 0;

(ii) for M = Mc
j , J (kcj , M

c
j ) = 0 and J (k, Mc

j ) >

0 for k �= kcj ( j = 1, 2);
(iii) for M ∈ (Mc

1 , M
c
2), the sign of J (k, M)

depends on the value of M. More specifically,
for M ∈ IM , there exists at least k > 0 such
that J (k, M) < 0; for M ∈ (Mc

1 , M
c
2) \ IM ,

then J (k, M) > 0 for any k > 0;

(IV) if d(2) < d ≤ d̃, there exist two critical values
Mc

1 and Mc
3 of M such that

(i) for M ∈ (
0, Mc

1

)
, J (k, M) > 0 for k > 0;

(ii) for M = Mc
1 , J (kc1, M

c
1) = 0 and J (k, Mc

1) >

0 for k �= kc1;
(iii) for M ∈ (

Mc
1 , M

c
3

]
, the sign of J (k, M)

depends on the value M;
(iv) for M ∈ (Mc

3 ,+∞), there exists Ik ⊂ R
+ such

that J (k, M) < 0 for k ∈ Ik and J (k, M) > 0
for k /∈ Ik;

(V) if 0 < d ≤ d(2), there exists a critical value Mc
1

of M such that

(i) for M ∈ (0, Mc
1), J (k, M) > 0 for k > 0;

(ii) for M = Mc
1 , J (kc1, M

c
1) = 0 and J (k, Mc

1) >

0 for k �= kc1;
(iii) for M ∈ (Mc

1 ,+∞), there exists Ik ⊂ R
+ such

that J (k, M) < 0 for k ∈ Ik and J (k, M) > 0
for k /∈ Ik .

Proof For d > d̃, it follows from (2.31) that we obtain
min
k>0

{ f (k, d)} > 0. Thus the processes of proof (I)–(III)

are similar to the proof of lemma 2.6.
For 0 < d ≤ d̃, it is easy to obtain −1 <

min
k>0

{ f (k, d)} ≤ 0 from(2.29) and (2.31).Analogously,

when M is sufficiently small (M < Mc
1), J (k, M) > 0

for any k > 0.
When M varies from small to large to Mc

1 , the
curve g = g(k, Mc

1) is firstly tangent to the curve
f = f (k, d) at k = kc1 and f (k, d) > g(k, Mc

1) for
k �= kc1, which means J (kc1, M

c
1) = 0 and for k �= kc1,

we have J (k, Mc
1) > 0.
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For M > Mc
1 , the sign of J (k, M) is more compli-

cated, depending on the values of d and M . For d ∈
(d(2), d̃), more specifically, for d ∈ (

d(2 j), d(2( j+1))
)

( j ∈ N),wehavemin
k>0

{ f (k, d)} ∈
(
− sin z2 j

z2 j
,− sin z2( j+1)

z2( j+1)

)
.

Notice that min
k>0

{ f (k, d)} = f (kc, d) from (2.29) in

which kc = 4
√

−a2a3
d , thus there exist the interval of

M such that f (kc, d) < g(kc, M) and z2i < kcM <

z2(i+1). We define the the minimum value of M as Mc
3

(defined by (2.36)). Thus forM > Mc
3 , theremust exist

the interval Ik ⊂ R
+ of k such that f (k, d) < g(k, M),

i.e. J (k, M) < 0 for k ∈ Ik . And for M ∈ (
Mc

1 , M
c
3

)
,

the sign of J (k, M) is complicated.
However, for d ∈ (

0, d(2)
]
, we havemin

k>0
{ f (k, d)} ∈(

−1,− sin z2
z2

)
. For M > Mc

1 , the minimum of f (k, d)

is always less than the local minimum of g(k, M),
which means there exist the interval Ik ⊂ R

+ of k
such that f (k, d) < g(k, M), i.e. J (k, M) < 0 for
k ∈ Ik . ��

In addition, we have the following transversality
conditions for Hopf bifurcation and Turing bifurca-
tion. Taking M as the bifurcation parameter and letting
λ(M) = Reλ(M)± iImλ(M) be the root of Eq. (2.10)
satisfying Reλ(MH ) = 0, Imλ(MH ) = ω(ω > 0),
where MH is defined by (2.23) for k = kH , it follows
from (2.10) and (2.11) that

Re

(
dλ(M)

dM

)
= 1

2

dT (k, M)

dM

= a12
2

(
cos(kM)

M
− sin(kM)

kM2

)
,

in which 0 < kHMH < z1. By (2.23), we have

Re

(
dλ(M)

dM

)∣∣∣∣
k=kH ,M=MH

= (d + 1)k2H
MH

> 0.

Together with

dReλ(M)

dM
= Re

(
dλ(M)

dM

)
,

we have
dReλ(M)

dM

∣∣∣∣
k=kH ,M=MH

> 0. (2.37)

Similarly, letting λ(M) be the root of Eq. (2.10) sat-
isfying λ(Mc

1) = 0 where Mc
1 is defined by (2.34) for

k = kc1, it follows from (2.10) and (2.11) that

dλ(M)

dM
= 1

T (k, M)

dJ (k, M)

dM

= − a12k2

T (k, M)

(
cos(kM)

M
− sin(kM)

kM2

)
,

in which 0 < kc1M
c
1 < z1. By (2.33), we have

T (kc1, M
c
1) �= 0 if kc1 �= kH , Mc

1 �= MH and

dλ(M)

dM

∣∣∣∣
k=kc1,M=Mc

1

�= 0 (2.38)

for kc1M
c
1 �= z1.

Then combined with (2.37) and (2.38) and Lem-
mas 2.3, 2.5, 2.6, 2.8, we have the following results on
the stability and bifurcation analysis of E∗ for system
(1.5), mainly investigating the influence of the percep-
tual radius M and the random diffusion coefficient d
on the stability and bifurcations. All possible scenarios
of the pattern formation are demonstrated as shown in
Fig. 2.

Theorem 2.9 Assume that the conditions (C0), (C1)

and (C2) hold and a12 ≥ βa11. For system (1.5), the
steady state E∗ is always asymptotically stable for any
d > 0 and M > 0.

Proof Based on the Lemmas 2.3 and 2.5, when a12 ≥
βa11, we have T (k, M) < 0 and J (k, M) > 0 for any
k > 0 and M > 0, which implies that E∗ is asymptot-
ically stable. ��
Theorem 2.10 Assume that the conditions (C0), (C1)

and (C2) hold and a12 < βa11. d(1), MH , Mc
1 are

defined by (2.27), (2.23) and (2.34), respectively. For
system (1.5), we have the following results:

(I) when d > d(1), the steady state E∗ is asymptot-
ically stable for M ∈ (0, MH ) and unstable for
M ∈ (MH ,+∞), and system (1.5) undergoesHopf
bifurcation at M = MH;

(II) when 0 < d ≤ d(1), then we have the following
results:

(i) When MH < Mc
1 , the steady state E∗ is asymp-

totically stable for M ∈ (0, MH ) and unstable
for M ∈ (MH ,+∞), and system (1.5) under-
goes Hopf bifurcation at M = MH;

(ii) When MH = Mc
1 , the steady state E∗ is asymp-

totically stable for M ∈ (0, MH ) and unsta-
ble for M ∈ (MH ,+∞), and system (1.5)
undergoes B − T bifurcation at M = MH for
kH = kc1 and undergoes Turing–Hopf bifurca-
tion at M = MH for kH �= kc1;

(iii) When MH > Mc
1 , the steady state E∗ is asymp-

totically stable for M ∈ (
0, Mc

1

)
and unstable
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for M ∈ (MH ,+∞) and system (1.5) under-
goes Turing bifurcation at M = Mc

1 , then for
M ∈ (

Mc
1 , MH

)
, stability switches may occur.

Moreover, the stability of the steady state E∗ is
more complicated, E∗ may be either stable for
some subintervals of

(
Mc

1 , MH
)
or unstable for

other subintervals of
(
Mc

1 , MH
)
.

Proof When a11 > − sin(z1)
z1

a12, based on the Lemma
2.3, for M ∈ (MH ,+∞), ∃ Ik ⊂ R

+ such that
T (k, M) > 0 for k ∈ Ik , which means E∗ is unsta-
ble. From Lemmas 2.3, 2.6 and 2.8, we can conclude
that when d > d(1), we have J (k, M) > 0 and
T (k, M) < 0 for M ∈ (0, MH ), which implies that the
steady state E∗ is asymptotically stable M ∈ (0, MH )

and unstable for M ∈ (MH ,+∞). For M = MH ,
we have T (kH , MH ) = 0 and J (k, MH ) > 0 for any
k > 0, which means system (1.5) undergoes Hopf
bifurcation at M = MH . The conclusion (I ) is con-
firmed.

When 0 < d ≤ d(1), from Lemmas 2.3, 2.6 and 2.8,
we have E∗ is asymptotically stable for M ∈ (0, M∗)
where M∗ = min

M
{Mc

1 , MH } and unstable for M ∈
(MH ,+∞). When M∗ = Mc

1 , the stability of E∗ is
more complicated, which may either unstable for some
subintervals of (M∗, MH ), or stable for other subinter-
vals of (M∗, MH ).

More specifically, for MH < Mc
1 , we have E∗ is

asymptotically stable for M ∈ (0, MH ) and unstable
for M ∈ (MH ,+∞). For M = MH , it is easy to obtain
that T (kH , MH ) = 0 and J (k, MH ) > 0 for any k > 0,
which means system (1.5) undergoes Hopf bifurcation
at M = MH (see Fig. 2a–c, f).

For MH = Mc
1 , if there exists kc1 = kH such that

T (kc1, MH ) = 0, J (kH , MH ) = 0, system (1.5) can
undergo B-T bifurcation at M = MH . If kc1 �= kH ,
system (1.5) can undergo Turing–Hopf bifurcation at
M = MH (see Fig. 2e).

For MH > Mc
1 , we have E∗ is asymptotically stable

for M ∈ (
0, Mc

1

)
and unstable for M ∈ (MH ,+∞).

However, the stability of the steady state E∗ is more
complicated for M ∈ (

Mc
1 , MH

)
, E∗ may be either

stable for some subintervals of
(
Mc

1 , MH
)
or unstable

for other subintervals of
(
Mc

1 , MH
)
(see Fig. 2g–i). For

M = Mc
1 , we have J (kc1, M

c
1) = 0 and T (k, Mc

1) < 0
for any k > 0, which means system (1.5) undergoes
Turing bifurcation at M = Mc

1 (see Fig. 2d). Figure3
shows the real part of the eigenvalues of linear operator

for the nine cases shown in Fig. 2. The conclusion (I I )
is confirmed. ��

Remark 2.11 Under the hypothesis of Theorem 2.10,
when we further analyze the case of (II)–(iii) (i.e.,d ∈(
0, d(1)

]
and MH > Mc

1), there exist the critical values
(Mc

i , i = 2, 3) of M , so that we can have a deeper
understanding of the stability (or instability) region.
Then

(1) for a11 ≤ 0, there exists a critical valueMc
2 defined

by (2.34), then for any d ∈ (0, d(1)),

(a) when Mc
1 < MH < Mc

2 , system (1.5) undergoes
Turing bifurcation at M = Mc

1 ;
(b) when Mc

2 = MH , system (1.5) could not undergo
B-T bifurcation but Turing–Hopf bifurcation at
M = MH ;

(c) when MH > Mc
2 , through analysis, we have E∗

is also stable for M ∈ (Mc
2 , MH ), but ambiguous

for M ∈ (Mc
1 , M

c
2). System (1.5) undergoes Hopf

bifurcation at M = MH and Turing bifurcation at
M = Mc

j ( j = 1, 2).

(2) for a11 > 0, there exist critical values Mc
2 and Mc

3
defined by (2.34) and (2.36),respectively. Then we
have:

(I) for d̃ < d ≤ d(1), stability and branching analysis
are the same as when a11 ≤ 0;

(II) for 0 < d ≤ d̃ , there exists a critical value Mc
3

defined by (2.36), then

(a) when Mc
1 < MH < Mc

3 , system (1.5) undergoes
Turing bifurcation at M = Mc

1 ;
(b) when Mc

3 = MH , system (1.5) undergoes Turing–
Hopf bifurcation at M = MH ;

(c) whenMH > Mc
3 ,we have E∗ becomes unstable for

M ∈ (Mc
3 , MH ), but not clear for M ∈ (Mc

1 , M
c
3).

System (1.5) undergoes Turing bifurcation at M =
Mc

j ( j = 1, 3).

2.2 Stability and bifurcations for the case of a4 < 0

After analyzing the stability and branching analysis
when a4 = 0, it will be possible to proceed to dis-
cuss the case of a4 < 0. However, it is necessary for
us to re-examine the conditions (C0), (C1) and (C2) in
this case. When a1 ≤ 0, it is straightforward to obtain
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Fig. 2 The demonstration for all possible scenarios of the pattern formation in system (1.5). In each figure, the red curve stands for
T (k, M) and the blue curve stands for J (k, M) at fixed M
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Fig. 3 Roots of the dispersion relation for the linear oper-
ator (2.4) around E∗. For the characteristic equation (2.10),
since T (k, M) and J (k, M) are independent of λ, then we have

λ± = 1
2

(
T (k, M) ± √

T (k, M)2 − 4J (k, M)
)
. In each figure,

the red curve stands for the real number λ+, the blue curve stands
for the real number λ− and the green curve stands for the real part

of complex numbers λ± at fixedM . a All roots of Eq. (2.10) have
negative real parts. b Equation (2.10) has a pair of purely imagi-
nary roots whenM = MH , k = kH . d Equation (2.10) has a zero
root when M = Mc

1 , k = kc1. e Shows that Eq. (2.10) has a pair
of purely imaginary roots and a zero root when M = Mc

1 = MH .
c, f and g–i There exist some k such that Eq. (2.10) has positive
real roots or one pair of complex roots with positive real parts

that these conditions hold for any a4 < 0. On the con-
trary, when a1 > 0, we have the fact that the condition
(C0) holds if and only if
a2a3
a1

< a4 < −a1 and a21 + a2a3 < 0.

In regard to the condition (C1), it is equivalent to
a1√
d

+ a4
√
d < 2

√
a1a4 − a2a3.

Denoting P(d) = a1√
d

+ a4
√
d , we have dP(d)

dd < 0,

lim
d→0+ P(d) = +∞ and lim

d→+∞ P(d) = −∞ since

a1 > 0 and a4 < 0. Hence there exists a critical d∗
of d such that (C1) holds for d > d∗ if we set

d∗ = 1

a24

(√
a1a4 − a2a3 − √−a2a3

)2
. (2.39)
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Obviously, it follows from (2.28), (2.32) and (2.39) that
we have

d∗ < d̃ < d(1)
− < −a2a3

a24
,

since 0 < a1 < a11 < a11 + sin(z1)
z1

a12. For the conve-
nience of notation, we denote

dc =
{

0, a1 ≤ 0,
d∗, a1 > 0.

(2.40)

Then similarly to the case of a4 = 0, depending on
whether a12 is larger than βa11 or not, the discussion
is divided into two cases. We firstly analyse the case
of a12 ≥ βa11. Resembling Theorem 2.9, we have the
following results.

Theorem 2.12 Assume that the conditions (C0), (C1)

and (C2) hold and a12 ≥ βa11. For system (1.5), the
steady state E∗ is always asymptotically stable for any
d > 0 and M > 0.

Proof From Lemma 2.3, for a12 ≥ βa11, we have
a1 < 0 and a12 ≥ βa11 > βa11 + βa4, thus we have
T (k, M) < 0 for any k > 0 and M > 0. From (2.30),
for any d > 0, we have

min
k>0

{ f (k, d)} ≥ min
k>0

{ f (k, 0)} = a11
a12

≥ − sin(z1)

z1
≥ max

k>0
{g(k, M)},

which means f (k, d) > g(k, M), i.e., J (k, M) > 0
for any k > 0 and M > 0. ��

For the case of a12 < βa11, one shall take the
sign of J (k, M), T (k, M) into account as before.
As for the former, it follows form (2.19) that when
f (0, d) = a11a4−a2a3

a12a4
≤ max

k>0
{g(k, M)} (equivalent to

a4 ≤ −a2a3β
a12−βa11

), there merely exists a critical value Mc
1

of M such that J (k, M) > 0 for M ∈ (
0, Mc

1

)
and for

M > Mc
1 , there exists Ik ⊂ R

+ such that J (k, M) < 0
for k ∈ Ik and J (k, M) > 0 for k /∈ Ik . On the contrary,
when f (0, d) > max

k>0
{g(k, M)}, the sign of J (k, M) is

analogous to the case of a4 = 0.
On the other hand, from Lemma 2.3, we have

T (k, M) < 0 for any k > 0 and M > 0 when a4 ≤
1
β

(a12 − βa11). Thus the steady state E∗ of system
(1.5) can not be destabilized through the occurrence of
Hopf bifurcation.When a4 > 1

β
(a12 − βa11), bifurca-

tions such as Turing bifurcation, Hopf bifurcation and
evenTuring–Hopf bifurcation can be observed.Wewill

analyze the specific model through numerical simula-
tion in Sect. 3. Combining with the above-mentioned
analysis, we obtain the following results similar to The-
orem 2.10.

Theorem 2.13 Assume that the conditions (C0), (C1)

and (C2) hold and a12 < βa11. dc, d
(1)
− , Mc

1 and MH

are defined by (2.40), (2.28), (2.34) and (2.23), respec-
tively. For system (1.5), we have the following results:

(I) For a4 ≤ −a2a3β
a12−βa11

, then for d > dc, we have

(i) when a4 ≤ 1
β

(a12 − βa11), the steady state
E∗ is always asymptotically stable for M ∈(
0, Mc

1

)
and unstable for M ∈ (

Mc
1 ,+∞)

and
system (1.5) undergoes Turing bifurcation at
M = Mc

1 ;
(ii) when 1

β
(a12 − βa11) < a4 < 0, the steady

state E∗ is always asymptotically stable for
M ∈ (0, M∗)andunstable for M ∈ (M∗,+∞)

where M∗ = min
M

{Mc
1 , MH };

(a) when M∗ = Mc
1 , system (1.5) undergoes

Turing bifurcation at M = M∗;
(b) when M∗ = MH, system (1.5) undergoes

Hopf bifurcation at M = M∗;
(c) when Mc

1 = MH, system (1.5) undergoes
Turing–Hopf bifurcation at M = M∗ for
kH �= kc1 and B − T bifurcation at M =
M∗ for kH = kc1.

(II) For −a2a3β
a12−βa11

< a4 < 0, similar to the case of
a4 = 0,

(i) for d > d(1)
− , then we have

(a) when a4 ≤ 1
β

(a12 − βa11), the steady
state E∗ is always asymptotically stable;

(b) when 1
β

(a12 − βa11) < a4 < 0, the
steady state E∗ is always asymptotically
stable for M ∈ (0, MH ) and unstable for
M ∈ (MH ,+∞) and system (1.5) under-
goes Hopf bifurcation at M = MH;

(ii) for dc < d ≤ d(1)
− , stability and bifurcation

analysis resemble the case of a4 = 0.

3 Example and numerical simulations

In this section, based on the assumption that the intra-
specific competition of prey is nonlocal, we consider
the diffusive predator–preymodelswithHolling type-II
functional response and illustrate the possible pattern
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formations induced by the the perceptual radius M ,
mainly considering diffusive Rosenzweig–MacArthur
model and Lotka–Volterra model with the top-hat ker-
nel function.

3.1 A diffusive Rosenzweig–MacArthur model with
the top-hat kernel function (a4 = 0)

For the sake of simplicity, we consider the following
classical Rosenzweig–MacArthurmodel with nonlocal
prey competition in the finite spatial domain [−L , L]
subject to periodic boundary conditions,which are con-
venient to extend the spatial domain to infinite domain
and conducive to numerical simulation. The periodic
boundary conditions are often used in the literature on
cognitive animal locomotion models [13,33].

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ut = duxx + u (1 − KM ∗ u) − α1uv

α2 + u
, −L < x < L , t > 0,

vt = vxx + α1uv

α2 + u
− δv, −L < x < L , t > 0,

u(−L , t) = u(L , t), ux (−L , t) = ux (L , t), t > 0,

v(−L , t) = v(L , t), vx (−L , t) = vx (L , t), t > 0,

(3.1)

where KM is top-hat kernel function defined by (1.2).
The corresponding local version of model (3.1) was
firstly established in [21]. Here, we analyse and discuss
the nonlocal model (3.1) which is proposed in [3,17].
In [3], the analytical conditions for the emergence of
spatially non-homogeneous stationary solutions of this
model with the top-hat kernel were illustrated. In [17],
the samemodel (3.1) was demonstrated by three differ-
ent types of kernel functions, among which the top-hat
kernel (Caution: it was named uniform kernel in [17])
with large standard deviation is conducive to the for-
mation of spatiotemporal patterns. However, rigorous
mathematical analyses and proofs can not be found.
Therefore, on the strength of our theoretical results in
Sect. 2, we reconsider this nonlocal model and show
that the perceptual radius M can induce the possible
pattern formations through bifurcations.

Let E∗ = (u∗, v∗) be the positive spatially homo-
geneous steady state of system (3.1), thus it is easy to
obtain that

u∗ = α2δ

α1 − α2
, v∗ = (1 − u∗)(α2 + u∗)

α1

provided that α1 > δ(α2 + 1) and

a1 = −u∗ + α1u∗v∗
(α2+u∗)2

{
< 0, α2 > α1−δ

α1+δ
,

≥ 0, α2 ≤ α1−δ
α1+δ

,

a11 = α1u∗v∗
(α2+u∗)2

> 0, a12 = −u∗ < 0, a2 = − α1u∗
α2+u∗ < 0,

a3 = α1α2v∗
(α2+u∗)2

> 0, a4 = 0.

(3.2)

From (3.2), it is easy to see that the condition (C2)

holds. Meanwhile, when α2 > α1−δ
α1+δ

(equivalent to
a1 < 0), the conditions (C0) and (C1) are satisfied
since a4 = 0. Then we take the parameters as follows:

α1 = 1.2, α2 = 0.4, δ = 0.6.

Then we have E∗ = (0.4, 0.4) and

a11 = 0.3, a12 = −0.4, a1 = −0.1,

a2 = −0.6, a3 = 0.3, a4 = 0.

By Proposition 2.2, it is easy to see that the zeros z j
of the equation tan(z) = z are

z1 = 4.4934, z2 = 7.7252, z3 = 10.9041,

z4 = 14.0662, z5 = 17.2208,

and by g1(zi ) = − sin(z j )
z j

( j ∈ N), we have

g1(z1) = 0.2172, g1(z2) = −0.1284, g1(z3) = 0.0913,

then by (2.27), we have

d(1) = 0.2079, d(2) = 0.08587, d(3) = 0.1573,

d̃ = 0.125.

For the numerical simulation, we choose L = 50
and consider the following initial conditions

u(x, 0) =
{
0.4, |x | < 50,
0, elsewhere,

v(x, 0) =
{
0.4, |x | < 50,
0, elsewhere.

(3.3)

With the choice of parameters, we have a11 >

− sin (z1)
z1

a12. In terms of Theorem 2.10, the Turing
bifurcation curves M = Mc

1 and M = Mc
2 and Hopf

bifurcation curves M = MH can be diagrammed in the
d − M plane as shown in Fig. 4. The shaded region is
the stable region.

For d(3) < d = 0.2 < d(1), we have the critical
values of M , which are Mc

1 = 4.0352, Mc
2 = 5.2655,

MH = 6.0591. The positive steady state E∗ is asymp-
totically stable for M ∈ (0, Mc

1) ∪ (Mc
2 , MH ) and

becomes unstable with emergence spatio-temporal pat-
terns forM ∈ (Mc

1 , M
c
2)∪(MH ,+∞). For the point P1

locating in the stable region, the positive constant equi-
librium E∗ is asymptotically stable for M = 2 < Mc

1 ,
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Fig. 4 Stability region and bifurcation diagrams
in plane d − M of system (3.1) with the top-
hat kernel. With the choice of parameters, we have
d(1)=̇0.2079, d(2)=̇0.08587, d(3)=̇0.1573, d̃=̇0.125. The
shaded region is the stable region for the positive constant steady
state E∗ of Eq. (3.1) while the blank area is unstable region.
The Turing bifurcation curves are M = MT1 and M = MT2 .
Meanwhile, the Hopf bifurcation curve is M = MH

as shown in Fig. 5a, e. With the increasing the of M , we
can observe the vertical strip patterns at M = 4.2 >

Mc
1 , as shown in Fig. 5b, f. For the point P3 crossing

Turing bifurcation line M = Mc
2 and locating in the

stable region, the positive constant equilibrium E∗ is
asymptotically stable again for M = 5.5 ∈ (Mc

2 , MH ),
as shown in Fig. 5c, g. Figure5d, h illustrate the spa-
tially inhomogeneous periodic solution emerges with
spot patterns at M = 6.3 > MH for P4.

In the neighbourhood of the Turing–Hopf bifurca-
tion point P∗

.= (0.1717, 5.9873), we observed the
Turing–Hopf patterns that appeared in the formof spots
and stripes. For the point P5, it falls in the unstable
region below P∗, Fig. 6a, d show the existence of dots
and strips mixed pattern. Among them, there are stripes
in the middle and dots on both sides. For the point of
P6 in the unstable region above P∗, Fig. 6b, e show the
existence of a inverted V -shaped spot-stripe pattern.
More accurately, there are dots in the middle and diag-
onal stripes on both sides. For the point of P7 in the
unstable region on the left side of P∗, some irregular
dot patterns are displayed in Fig. 6c, f, with the mid-
dle being relatively dark and sparse, while the sides are
bright and dense.

3.2 A diffusive Lotka–Volterra model with the top-hat
kernel function(a4 < 0)

Next we consider the diffusive Lotka–Volterra model
with the top-hat kernel function and study the possible
pattern formations induced by the perceptual radius M
in the finite spatial domain[−L , L] subject to periodic
boundary conditions:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ut = duxx + u (r1 − aKM ∗ u − v) , −L < x < L , t > 0,

vt = vxx + v(−r2 + u − bv), −L < x < L , t > 0,

u(−L , t) = u(L , t), ux (−L , t) = ux (L , t), t > 0,

v(−L , t) = v(L , t), vx (−L , t) = vx (L , t), t > 0,

(3.4)

where KM is top-hat kernel function defined by (1.2).
For a biological explanation of the classical Lotka–
Volterra model and further extension to stochastic case,
see the monograph by Samanta [22]. Obviously, the
positive equilibrium E∗ = (u∗, v∗) of system (3.4) is
given by

u∗ = r2 + br1
1 + ab

, v∗ = r1 − ar2
1 + ab

with the assumption that r1 − ar2 > 0 and

a11 = 0, a12 = −au∗ < 0, a1 = −au∗ < 0,

a2 = −u∗ < 0, a3 = v∗ > 0,

a4 = −bv∗ < 0.

Then for the numerical illustrations, we take the param-
eters as follow:

a = 2.2, b = 2, r1 = 5, r2 = 2,

then we find that E∗ = ( 20
9 , 1

9

)
and

a11 = 0, a12 = −44

9
, a1 = −44

9
,

a2 = −20

9
, a3 = 1

9
, a4 = −2

9
.

It is easy to verify that the conditions (C0), (C1) and
(C2) are satisfied with the choice of above parameters
for any d > 0 since a1 < 0. Meanwhile, we have
a4 >

−a2a3β
a12−βa11

and a4 > 1
β

(a12 − βa11). Hence by
Theorem 2.13 (II) and (2.28), we conclude that for
d > d(1)

−
.= 3.1163, we have E∗ of system (3.4) is

stable for M < MH and unstable for M > MH ,
accompanied by the occurrence of Hopf bifurcation for
M = MH . For 0 < d ≤ d(1)

− , similar to a4 = 0, the
Turing bifurcation curve M = Mc

1 and Hopf bifurca-
tion curve M = MH can be diagrammed in the d − M
plane as shown in Fig. 7 and a spatially homogeneous
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Fig. 5 Numerical simulations for different values M for system
(3.1) with d = 0.2 ∈ (d(3), d(1)). a, e E∗ is asymptotically sta-
ble for M = 2 < Mc

1 ; b, f spatial nonhomogeneous steady state
with the vertical strip patterns for M = 4.2 > Mc

1 = 4.0352, c,

g E∗ is asymptotically stable for M = 5.5 ∈ (Mc
2 , MH ); d, h

spatial nonhomogeneous periodic oscillation with spot patterns
for M = 6.3 > MH = 6.0591

Fig. 6 Numerical simulations for different values M for sys-
tem (3.1) in the neighbourhood of the Turing–Hopf bifurcation
point P∗(0.1717, 5.9873). There are critical values of M are
MH = 5.95725, Mc

1 = 3.0502 and Mc
2 = 6.1866. a, d The

existence of dots and strips mixed patterns with stripes in the

middle and dots on both sides for P5(0.16, 4.55); b, e the exis-
tence of a inverted V -shaped spot-stripe pattern with dots in the
middle and diagonal stripes on both sides for P6(0.17, 6.75); c, f
some irregular dot patterns with the middle being relatively dark
and sparse, while the sides are bright and dense for P7(0.14, 6.1)
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steady state solution of (3.4) exists lying in the shaded
region of d − M plane. The positive constant steady
state E∗ of Eq. (3.4) is stable in the shaded region but
unstable in the blank area.

For the numerical simulation, we choose L = 50
and consider the following initial conditions:

u(x, 0) =
{ 20

9 , |x | < 50,
0, elsewhere,

v(x, 0) =
{ 1

9 , |x | < 50,
0, elsewhere.

(3.5)

In the neighbourhood of the Turing–Hopf bifur-
cation point P∗

.= (1.977, 8.137), we observed four
points Pj ( j = 1, 2, 3, 4) of different spatio-temporal
dynamics. For d = 1.98, we have the critical val-
ues MH = 8.1405 and Mc

1 = 8.1481. For the
point P1(1.98, 6.5) lying in the stability region, the
steady state E∗ is asymptotically stable as shown in
Fig. 8a, e. When M is increasing, the spot-stripe pat-
tern can be observed in Fig. 8c, g at P3(1.98, 8.17).
Figure8b, f illustrate the spatially inhomogeneous peri-
odic solution that present a pattern of spots for the
point P2(2.2, 8.74). For the point P4(1.8, 7.7), Fig. 8d,
h illustrate the Turing patterns at M = 7.7 which is
larger than and close to the Turing bifurcation value
Mc

1
.= 7.4362.

4 Conclusion and discussion

In this paper, we investigate the spatiotemporal dynam-
ics in a general nonlocal reaction–diffusion systemwith
the top-hat kernel function. We are chiefly concerned
with the influence of the diffusion coefficient d and the
competition radius M of the prey on the stability of
the positive constant steady state E∗ and the possible
bifurcation phenomena when a12 < 0 and a4 ≤ 0.

Under the basic assumptions that the positive con-
stant steady state E∗ is locally asymptotically stable for
the systemwithout nonlocal prey competition (M = 0).
Letting β = −z1/ sin(z1)=̇4.6033, then in terms of
the relationship between a11 = ∂ f (u, K ∗ u, v)/∂u
and a12 = ∂ f (u, K ∗ u, v)/∂K ∗ u evaluated at E∗,
where a12 < 0 measures the strength of the nonlocal
prey competition, the main findings are summarized as
follows:

(1) For a12 ≥ βa11, the nonlocal competition radius
M does not affect the stability of the positive constant

steady state E∗, which means E∗ is always asymptot-
ically stable for any M > 0. This implies that when
the strength of the nonlocal prey competition is weak,
the size of the competition radius does not change the
dynamics.

(2) For a12 < βa11, the nonlocal competition radius
M can affect the stability of E∗. In this case, the spa-
tiotemporal dynamics depend not only on the nonlocal
competition radius M but also on the diffusion coeffi-
cient d of the prey. More specifically, for the case of
a4 = 0, depending on whether the diffusion coefficient
d of the prey is larger than a threshold value d(1) or
not, there are two cases: (i) for d > d(1), there only
exists Hopf bifurcation induced by the nonlocal com-
petition radius such that E∗ is asymptotically stable for
M ∈ (0, MH ) and unstable for M ∈ (MH ,+∞), and
the system undergoes Hopf bifurcation at M = MH .
(i i) for d < d(1), E∗ is asymptotically stable for M is
smaller than some critical value M∗ = min

M
{Mc

1 , MH },
and Turing bifurcation, Hopf bifurcation and Turing–
Hopf bifurcation are possible for large competition
radius. This implies that when the nonlocal prey com-
petition is dominant, the joint of the nonlocal compe-
tition radius M and the diffusion coefficient d of the
prey can lead to more complex dynamics.

Finally, employing the obtained theoretical results
to the diffusive Rosenzweig–MacArthur and Lotka–
Volterra models with nonlocal prey competition and
taking d and M as the bifurcation parameters, the sta-
bility region and bifurcation curves can be completely
determined in the d − M plane. The spatial patterns
with different spatial modes arising from the Turing
bifurcation and oscillatory patterns with spatially inho-
mogeneous profiles are found. It has been shown that
when the diffusion coefficient d of the prey is small,
the positive constant steady state E∗ loses its stabil-
ity via Turing bifurcation with spatial patterns, when
d is large, E∗ loses its stability via Hopf bifurcation
with oscillatory patterns. What’s particularly interest-
ing is that when d belongs to some appropriate interval,
there exists stability switches induced by the nonlocal
competition radius M , i.e., the positive constant steady
state E∗ undergoes changes from stability to instability
to stability and finally to instability with the increasing
of M .

Compared with previous literature [1,2,4,18] on the
dynamics of the nonlocal prey competitionwith the top-
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Fig. 7 Stability region and
bifurcation diagrams in
plane d − M of system (3.1)
with the top-hat kernel. The
shaded region is the stability
region. The Turing
bifurcation curve is
M = Mc

1 . Meanwhile, the
Hopf bifurcation curve is
M = MH . The inset is
Turing–Hopf bifurcation
point P∗ locally enlarged
view

Fig. 8 Numerical simulations for different spatio-temporal pat-
terns induced by the the perceptual radius M of system (3.4).
We take into account the points Pj ( j = 1, 2, 3, 4) in the neigh-

bourhood of Turing–Hopf bifurcation point P∗(1.977, 8.137).
a, e P1(1.98, 6.5); b, f P2(2.2, 8.74); c, g P3(1.98, 8.17); d, h
P4(1.8, 7.7)

hat functional response, the main advances contained
in this paper are reflected in the following aspects:

• Stability and bifurcation analysis for a general non-
local predator–prey system with the top-hat kernel
function are investigated. The obtained results can

be easily applied to many specific predator–prey
models.

• The analytic conditions for the occurrences of the
Turing bifurcation, Hopf bifurcation and Turing–
Hopf bifurcation are completely determined via
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taking the nonlocal competition radius M and the
diffusion coefficient d of the prey.

• For the diffusive Rosenzweig–MacArthur and Lot
ka–Volterra models with nonlocal prey competi-
tions, the stability region and bifurcation curves are
completely determined in the d − M plane.

• For the diffusive Rosenzweig–MacArthur model
with nonlocal prey competitions, oscillatory pat-
terns arising from the Hopf bifurcation and stabil-
ity switches induced by the nonlocal competition
radius M are observed.

• For the diffusive Rosenzweig–MacArthur and Lo
tka–Volterra models with nonlocal prey competi-
tions, more types of spatiotemporal patterns near
the Turing–Hopf bifurcation point are discovered.

Wewould also like tomention some further interest-
ing investigations. Recently, the study on the memory-
based diffusive movement has become a hot and
important topic in the field of population dynamics
[24,26,27,30]. It isworth incorporatingmemory-based
diffusion into the nonlocal diffusive population models
with the top-hat kernel function and investigating the
joint effect of the nonlocal competition radius and the
memory diffusion on the dynamics of the population
model.
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